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a n d  u s e d  in t h e  n e x t  i t e r a t i o n  in p lace  of t h e  o r ig ina l  
r i g h t - h a n d  sides.  W h e n  success ive  n o r m a l i s e d  so lu t i ons  
ag ree  to  a su f f i c i en t  n u m b e r  of f igures  t h e  answer s  c an  
be  a c c e p t e d .  

T h e  15 scale  f ac to r s  l i s ted  be low  were  o b t a i n e d  (i) b y  
f i n d i n g  t h e  l a t e n t  r o o t  a n d  v e c t o r  a n d  (ii) b y  s e t t i n g  
Kao = 1"0 a n d  so lv ing  for  t h e  o t h e r  14 va lues .  I t  c an  be  
seen  t h a t  t h e  p r i m a r y  ef fec t  of m e t h o d  (ii) is to  exag-  
g e r a t e  Kao in r e l a t i o n  to  t h e  o thers ,  b u t  t h a t  v a r i a t i o n s  
of seve ra l  p e r c e n t  also occur  b e t w e e n  t h e  r e m a i n i n g  ra t ios .  

W h e n  i t  is de s i r ed  to  e x t e n d  t h e  m e t h o d  to  t h e  case 
in  w h i c h  m o r e  t h a n  t w o  layers  on  i n d e p e n d e n t  a r b i t r a r y  
scales  i n t e r s e c t  a t  t h e  s a m e  h t h e  o b s e r v a t i o n a l  e q u a t i o n s  
c a n  be  d e r i v e d  in  t h e  fo l lowing  w a y .  L e t  F~ be  t h e  
w e i g h t e d  a v e r a g e  of t h e  sca led  F~ o c c u r r i n g  on  all t h e  
layers .  T h e n  t h e  o b s e r v a t i o n a l  e q u a t i o n  for  F~i will  be :  

w h e r e  

h e n c e  

(F~)K~ - ~ = 0 ,  

F i  = .~, ( WhiKjF~])/.~, Whi , 
J i 

( F ~ i ) K i - ~ "  WhT(F~i)K]/.~, Wh; = 0 .  (2) 
j ;" 

T h e  w e i g h t  to  be  g i v e n  to  e q u a t i o n s  (2) is Wh,.* W h e r e  

* I t  has been poin ted  out  by  the  referee t ha t  the  use of 
equat ions (2) is equivalent  to the minimisa t ion  of 

m l aye r s  i n t e r s e c t  a t  h, all m of t h e  e q u a t i o n  (2) m u s t  be  
i n c l u d e d  to  w e i g h t  t h e  o b s e r v a t i o n s  co r rec t ly ,  a l t h o u g h  
one  e q u a t i o n  is d e p e n d e n t  on  t h e  o t h e r  m -- 1. W h e n  o n l y  
t w o  layers  i n t e r s e c t  a t  h a p a i r  of e q u a t i o n s  (2) c an  be  
r e d u c e d  to  t h e  f o r m  of e q u a t i o n  (1) w i t h  w e i g h t  Wa = 
Wh,~Whb/(Wh~ + Whb). 

T h e  l a t e n t  v e c t o r  s o l u t i o n  g iven  a b o v e  is t h e  m u l t i -  
d i m e n s i o n a l  a n a l o g u e  of t h e  m e t h o d s  d e s c r i b e d  b y  
S c h o m a k e r ,  Wase r ,  Mar sh  & B e r g m a n  (1959) for  t h e  
s imi la r  p r o b l e m  of f i t t i n g  l ea s t - squa re s  l ines a n d  p l a n e s  
to  g iven  sets  of po in t s .  
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• . 2 2 2  ~, Wh~ (K~Fhi -- F h) , 
hi 

where the  summat ion  includes one term for each observat ion 
of any reflection appearing on more t han  one layer. The 
minimisat ion is, of course, subject  to the  restrict ion t ha t  

~K~= 1. 
i 
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K i n g  & L i p s c o m b  (1950) h a v e  d e r i v e d  a n  exp re s s ion  for  
t h e  s t r u c t u r e  a m p l i t u d e  f r o m  a c rys t a l  c o n t a i n i n g  r o t a t i n g  
g r o u p s  for  t h e  p a r t i c u l a r  case of t h e  h i n d e r e d  r o t a t o r .  
U n d e r  t h e  a s s u m p t i o n s  m a d e  b y  t he se  a u t h o r s  t h e y  h a v e  
d e r i v e d  a m o d i f y i n g  f u n c t i o n  such  t h a t  t h e  s c a t t e r i n g  
a m p l i t u d e  is w r i t t e n  

F ---- ..,~f~ exp  [ 2 ~ i h .  ks] M~!(a~, b~) 
i 

w h e r e  
o O  

Mnr (a, b) = ~ epipnjpn (a) Ip (b) cos pn 7/ I  o (b) , 
p=O 

w h e r e  

n = t h e  n u m b e r  of p o t e n t i a l  m i n i m a ,  
7, = t h e  r o t a t i o n  ang le  c o r r e s p o n d i n g  to  a p o t e n t i a l  

m i n i m u m ,  
a = 2~]h][v  I s in v/, 
b = Vo/2kT, 
V 0 = t h e  h e i g h t  a b o v e  t h e  m i n i m u m  of t h e  ba r r i e r  to  

r o t a t i o n ,  
v = t h e  v e c t o r  f r o m  t h e  c e n t e r  of r o t a t i o n  to  t h e  in- 

s t a n t a n e o u s  p o s i t i o n  of t h e  a t o m ,  
h = t h e  r ec ip roca l  l a t t i ce  v e c t o r  

= t h e  ang le  b e t w e e n  h a n d  t h e  n o r m a l  to  t h e  p l a n e  
of r o t a t i o n  of t h e  a t o m .  

W e  h a v e  e v a l u a t e d  t h e  M f u n c t i o n  for t h e  fo l lowing  
v a l u e s :  

(1) a = 0 to  4 in i n t e rva l s  of 0.1, 
(2) b = 0.5 to  6 in i n t e rva l s  of 0-5 a n d  ~ ,  
(3) n = 2, 3, 4, 6, 
(4) F = 0, ~/16,  ~/8,  3~/16,  ~ / 4 w h e n n  = 2, 4, 

= 0, ~/12,  ~ /6  w h e n  n = 3, 6. 

F o r  t h e  case n = 3  t h e  M f u n c t i o n  will  h a v e  real  a n d  
imaginary parts and writing 

M~(a, b) =x  +iy  . 

T h e  t a b u l a r  va lue s  are  l i s ted  as (x 2 +y2)½ w i t h  t h e  s ign  
o f  X .  

T h e  e v a l u a t i o n  of t h e  M f u n c t i o n  was  a c c o m p l i s h e d  
on  t h e  I B M  t y p e  650 d ig i ta l  c o m p u t e r .  T h e  c o m p u t a t i o n  
t i m e  r e q u i r e d  for  one  va lue  of t h e  M f u n c t i o n  was  b e t w e e n  
0.5 sec. a n d  10 sec. d e p e n d i n g  on  t h e  n u m b e r  of t e r m s  
r e q u i r e d  for  c o n v e r g e n c e .  

A few m i n o r  c h a n g e s  in t h e  p r e s e n t  c o m p u t e r  p r o g r a m  
would allow it to be used as a subroutine in another 
program which requires the ill function. This subroutine 
is available for the IBM 650 only. 
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The tables can be obtained from the American Documenta ry  
Inst .  ; microfilm copies of the  tables and copies of the  program 
for comput ing  the  M function on an IBM 650 can be obtained,  
upon request,  f rom the authors.  


